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FINITENESS OF CALABI-YAU QUASISMOOTH
WEIGHTED COMPLETE INTERSECTIONS
JHENG-JIE CHEN
ABSTRACT. We prove that there exist only finitely many families of Calabi-Yau quasi-
smooth weighted complete intersections with every fixed dimension m. This generalizes a
result of Johnson and Kolla´r to higher codimensions.
1. Introduction
Examples of complete intersections in weighted projective spaces are
interesting and useful when studying higher dimensional birational ge-
ometry (cf. [2, 3, 6, 7, 8, 11, 15]). In [16, 17, 12], Reid and Fletcher
give several famous lists of families of three dimensional well-formed
quasismooth weighted complete intersections with terminal singulari-
ties. In [9], by basket analysis and Reid’s table method, it is proved
that these lists are complete.
In this article, we are interested in the finiteness of families of well-
formed quasismooth weighted complete intersections in general. In
the case of Calabi-Yau quasismooth hypersurfaces, Johnson and Kolla´r
prove the finiteness of such families for every fixed dimension in [14].
The aim of this note is to generalize it to higher codimension cases.
Combining this with boundedness for codimension (Theorem 2.5), we
derive Theorem 1.1.
Theorem 1.1. For any positive integer m, there are only finitely many
families of Calabi-Yau quasismooth weighted complete intersections of
dimension m.
In [13, 14], Johnson and Kolla´r give complete classifications of anti-
canonical embedded Fano quasismooth hypersurfaces in weighted pro-
jective spaces in dimension two and three. There are infinitely many
such families for these cases (see Example 3.7). Because of this, it is
natural to ask the Borisov-Alexeev-Borisov conjecture in quasismooth
weighted complete intersections case.
Conjecture 1.2. For fixed positive numberm, ǫ, and a negative integer
α, there exist only finitely many of families of quasismooth weighted
complete intersections having only ǫ−klt singularities and dimension
m, amplitude α.
Let Xd1,...,dc ⊂ P(a0, ..., an) be a weighted complete intersection with
amplitude α :=
∑c
j=1 dj −
∑n
i=0 ai ≥ −1. We say that it is normalized
if a0, ..., an, d1, ..., dc are positive integers with
a0 ≤ a1 ≤ · · · ≤ an and d1 ≤ · · · ≤ dc.
1
2 JHENG-JIE CHEN
From studying quasismooth behaviors at two points Pn and PdimX+1
in P(a0, ..., an), we establish an effective upper bound (dimX +1)δ for
an (see Proposition 3.1), where δ is the integer a0 + · · · + adimX + α.
This enables us to apply the sandwich argument as Johnson and Kolla´r
did in hypersurface case and thus prove Theorem 1.1.
Note that we have an < dc by the quasismoothness at Pn (see [12,
Lemma 18.14] or Proposition 2.4). Another application of Proposition
3.1 is that it provides an upper bound for dc in terms of dimension
m, amplitude α and a lower bound for volume KmX (resp. anti-volume
−KmX ) if α > 0 (resp. if α < 0).
Theorem 1.3. For given integers m ≥ 2, α, c, and positive ratio-
nal numbers b, ǫ. Let X = Xd1,...,dc ⊂ P(a0, ..., an) be a family of
m-dimensional normalized quasismooth weighted complete intersections
with amplitude α > 0 and volume KmX > b (resp. anti-volume −K
m
X > b
and put ǫ = 1 provided α = −1). If X is Fano with α ≤ −2, we require
that anti-volume −KmX > b and X has only ǫ−klt singularities. Then
dc is bounded from above by{
m+2
b
· ((m+ 1)αm( c+α+m+1
c
)c + bα) if α > 0,
m+2ǫ
bǫ
· ((m+ 1)(−α)m( c+m+1
c
)c + bα) if α < 0.
In particular, this provides the finite possible families of three di-
mensional weighted complete intersections with terminal singularities
since we have the lower bound for volume (resp. anti-volume if X is
Fano)(see Remark 3.4).
As an application of Theorem 1.3, proving Conjecture 1.2 is equiva-
lent to giving a universal bound of one of the following
(1) there exists an integer r = r(m,α, ǫ) only depending on m, ǫ
such that r ·KX is Cartier;
(2) there exists a positive number b = b(m,α, ǫ) only depending on
m, ǫ such that −KmX ≥ b;
(3) there exists an integer β = β(m,α, ǫ) only depending on m, ǫ
such that am ≤ β,
for all quasismooth X = Xd1,...,dc ⊂ P(a0, ..., an) with only ǫ−klt singu-
larities and dimension m, amplitude α. Conjecture 1.2 remains open
even in dimension three.
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NCTS/TPE and the National Science Council of Taiwan. The author
expresses his gratitude to Professor Jungkai Alfred Chen for suggest-
ing the question and extensively helpful and invaluable discussions. He
is also grateful to Professors Miles Reid and Ja´nos Kolla´r and Chin-
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2. Preliminaries and notations
We fix the notations here.
Definition 2.1. Given positive integers a0, ..., an, P(a0, ..., an) is the
weighted projective space Proj(S) where S = C[x0, ..., xn] is the graded
ring with deg xi = ai for all i.
As in [12], we may assume P(a0, ..., an) is well-formed, i.e, great com-
mon divisor of a0, ..., aˆi, ..., an is 1 for all i = 0, ..., n. Also, P(a0, ..., an)
is the quotient Cn+1 − {(0, ..., 0)}/C∗ under the equivalent relations
(x0, ..., xn) ∼ (λ
a0x0, ..., λ
anxn) for all λ ∈ C
∗. Denote π : Cn+1 −
{(0, ..., 0)} → P(a0, ..., an) to be the quotient map.
Definition 2.2. Let c be a positive integer and d1, ..., dc be positive in-
tegers. Let f1(x0, ..., xn), ..., fc(x0, ..., xn) be general homogeneous poly-
nomials of degree d1, ..., dc under the weights deg xi = ai. A family of
weighted complete intersections X := Xd1,...,dc is defined to be a subva-
riety (f1 = · · · = fc = 0) in P(a0, ..., an). X is quasismooth if the affine
cone π−1(X) ∪ {0} is smooth away from zero.
Suppose X is an intersection of a linear cone with a subvariety in P,
i.e, dj = ai for some i, j, so fj = xi+others. Then X ⊂ P is isomorphic
to Xd1,...,dˆj,...,dc ⊂ P(a0, ..., aˆi, ..., an). In this note, we always assume X
is not an intersection of a linear cone with another subvariety. Also,
we use the conventions:
n := dimP, m := dimX, c := codim(X,P), thus m+ c = n.
By renumbering the indices, we assume it is normalized, i.e,
a0 ≤ a1 ≤ · · · ≤ an and d1 ≤ · · · ≤ dc.
For a normalized weighted complete intersection, for each j = 1, ..., c,
put
δj := dj − aj+m, δ :=
c∑
j=1
δj , and α :=
c∑
j=1
dj −
n∑
i=0
ai,
where α is called the amplitude of X . For every non-empty subset
E of {0, 1, ..., n}, we define the |E| − 1 dimensional stratum PE :=
{(x0, ..., xn) ∈ P(a0, ..., an)|xi = 0 for all i /∈ E}. We say that X ⊂ P
is well-formed if P is well-formed and X contains no codimension c+1
singular strata of P. From [12, Theorem 6.16], X is well-formed if
X ⊂ P is quasismooth with dimension greater than 2. If X is well-
formed and quasismooth, the dualizing sheaf ωX = OX(KX) ≃ OX(α)
(see [10, Theorem 3.3.4]).
The following necessary condition for quasismoothness is helpful for
our discussions.
Proposition 2.3 (Fletcher). Let X = Xd1,...,dc ⊂ P(a0, ..., an) be a
quasismooth weighted complete intersection. For every subset E ⊂
{0, 1, ..., n}, we define ρE := min{c, |E|}. Then one of following holds:
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(1) there exist distinct integers p1, ..., pρE which are elements of
1, ..., c such that for all j, fpj = Πi∈E x
kj,i
i + others ;
(2) there exists a permutation p1, ..., pc of 1, ..., c, and there exist
distinct integers el+1, ..., ec ∈ {0, ..., n} − E for some integer
l ≥ 0 satisfying{
fpj = Πi∈E x
kj,i
i + others for j = 1, ..., l,
fpj = xejΠi∈E x
kj,i
i + others for j = l + 1, ..., c.
Proof. We briefly explain the proof. For every non-empty subset E of
{0, 1, ..., n}, we consider the intersection PE ∩ X . If the set is empty,
by counting dimension, condition (1) holds. Suppose the set is non-
empty. Since quasismoothness shows that the Jacobian matrix on gen-
eral points in the affine cone of PE ∩ X is of full rank, condition (2)
holds. For details, see [12, 9]. 
By counting degrees and studying numerical conditions to some
strata, we obtain the following.
Proposition 2.4 ([12]). Let Xd1,··· ,dc ⊂ P(a0, · · · , an) be a quasismooth
complete intersection and is not an intersection of a linear cone with
another subvariety (i.e. dj 6= ai for all i, j). Then we have
(1) If at > d1 for some t ≥ 0, then at|dj for some j. In particular,
δc ≥ an in this situation.
(2) For t = 1, 2..., c, we get δt > 0.
Theorem 2.5 ([9]). If X = Xd1,...,dc ⊂ P(a0, ..., an) is a family of qua-
sismooth weighted complete intersections with amplitude α, dimension
m and codimension c, which is not an intersection of a linear cone
with another subvariety. Here amplitude α is defined to be the inte-
ger
∑c
j=1 dj −
∑n
i=0 ai. Then the codimension c has the upper bound
m+ α + 1 (resp. m) if amplitude α ≥ 0 (resp. α < 0).
Definition 2.6. Given a positive number ǫ ≤ 1. A normal projec-
tive variety X has only ǫ− klt singularities if it satisfies the following
conditions:
(1) The Weil divisor rKX is Cartier for some positive integer r.
(2) For a resolution f : Y → X with exceptional divisors E1, ..., Es,
then we have KY = f
∗(KX) +
∑s
i=1 qiEi with qi > ǫ− 1 for all
i.
3. A bound for an and its application
In this section, for each normalized quasismooth weighted complete
intersection X = Xd1,...,dc ⊂ P(a0, ..., an) with amplitude α ≥ −1, we
give an upper bound (m+1)δ for an, where m := dimX . We shall see
that this provides the upper bound for dc in terms of a lower bound of
volume (resp. anti-canonical volume in Fano case).
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By studying quasismooth behavior of the strata Pn and Pm+1, there
is an upper bound of an in terms of δ.
Proposition 3.1. Let X = Xd1,...,dc ⊂ P(a0, ...., an) be a family of
quasismooth weighted complete intersections with amplitude α and di-
mension m. If α ≥ −1, then the inequality (m+1)·δ > an holds. Given
a positive rational number ǫ. If X is Fano with only ǫ−klt singularities
and an >
m+ǫ
m
· −α
ǫ
, then m+ǫ
ǫ
δ > an.
Proof. Suppose that Xd is a hypersurface in weighted projective space
with α ≥ −1. From the equality d =
∑n
i=0 ai + α, there is no i < n
with d = an + ai. We are always in the case d ≥ 2an by Proposition
2.3.
Suppose on the contrary that Xd is Fano hypersurface with d < 2an
and an >
−α
ǫ
. Then Pn := (0, ..., 0, 1) belongs to X and condition (2)
of Proposition 2.3 implies d = an + ai for some i 6= n. By Inverse
Function Theorem, Pn ∈ X is a cyclic quotient point of type
1
an
(a0, ..., aˆi, ..., am).
By taking the weighted blow up φ : Y → X at the center Pn ∈ X
with weight ( a0
an
, ..., aˆi
an
, ..., am
an
), we have KY = φ
∗KX + qE, where E is
the exceptional divisor and q =
∑
k 6=i,n
ak
an
− 1 = −α
an
− 1 < ǫ− 1. This
contradicts to ǫ−klt assumption.
So we may assume that c ≥ 2 and dc < 2an. We divide it into two
parts by comparing am+1 to the number
m
m+ǫ
· an. Here we put the
positive number ǫ = 1 if amplitude α ≥ −1. From Proposition 2.4
above, we get d1 > an.
Suppose that am+1 ≤
m
m+ǫ
· an. In this case, we obtain
δ > δ1 = d1 − am+1 > an −
m
m+ ǫ
· an =
ǫ
m+ ǫ
· an.
Suppose that am+1 >
m
m+ǫ
· an and the condition an ≥
m+ǫ
ǫ
δ holds. If
m ≥ 2, we obtain
2am+1 >
m− ǫ
m+ ǫ
an + an ≥ δ + an > δc + an = dc.
This implies that the point Pm+1 := (0, ..., 0, 1, 0, .., 0) belongs to X .
Quasismoothness at Pm+1 ∈ X implies condition (2) of Proposition
2.3, so Pm+1 ∈ X is a cyclic quotient point of type
1
am+1
(b1, ..., bk, am+2, ..., an),
where {b1, ..., bk} is a proper subset of {a0, ..., am} and here ai denotes
the smallest positive residue of ai mod am+1. Here the subset {b1, ..., bk}
is empty if and only if c ≥ m + 1. From the equalities
∑c
j=1 dj =
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i=0 ai + α and dj = am+1 + aej with distinct ej ≤ m for all j, one
observes that
0 =
k∑
i=1
bi +
n∑
i=m+2
ai + α.
This is impossible for α > 0 case. It cannot occur when c < m + 1 in
Calabi-Yau case (resp. c < m in Fano case with amplitude α = −1).
If c = m + 1 in Calabi-Yau case (resp. c = m in Fano α = −1 case),
then am+1 = · · · = an, so X contains the c (resp. c+ 1)-codimensional
singular stratum P{m+1,...,n} of weighted projective space P(a0, ..., an).
This is not well-formed.
For Fano case and an >
m+ǫ
m
· −α
ǫ
, by taking the weighted blow up
φ : Y → X at the center Pm+1 ∈ X with weight
(
b1
am+1
, ...,
bk
am+1
,
am+2
am+1
, ...,
an
am+1
),
this shows that KY = φ
∗KX + qE, where E is the exceptional divisor
and
q =
∑k
i=1 bi +
∑n
i=m+2 ai
am+1
− 1 =
−α
am+1
− 1
< ǫ ·
m
m+ ǫ
·
an
am+1
− 1 < ǫ− 1.
So X contains a non-ǫ−klt point Pm+1. This is the contradiction. 
Example 3.2. Given an ǫ > 0, Xd ⊂ P(1, 1, 1, 1, d−1) is a quasismooth
hypersurface with δ = 1, amplitude α = −3 and a cyclic quotient
singularity P4 of type
1
d−1
(1, 1, 1) which is not ǫ−klt when d ≥ 3
ǫ+1
+1.
The assumption of being ǫ−klt is necessary.
From [9], we observe the following inequalities
Proposition 3.3. Let Xd1,...,dc ⊂ P(a0, ..., an) be normalized quasi-
smooth with amplitude α and dimension m. Then

( c+α+m+1
c
)c
∏m
i=0 ai
≥
∏c
j=1 dj∏n
i=0 ai
= OX(1)
m =
Km
X
αm
if α > 0,
( c+m+1
c
)c
∏m
i=0 ai
≥
∏c
j=1 dj∏n
i=0 ai
= OX(1)
m = (−KX)
m
(−α)m
if α < 0.
This provides an upper bound for δ in terms of volume KmX (resp.
anti-canonical volume −KmX ) if X is of general type (resp. X is Fano).
Indeed,
(m+ 1)N + α ≥ a0 + a1 + · · ·+ am + α = δ,
where
N :=
{
αm( c+α+m+1
c
)c/KmX if α > 0,
(−α)m( c+m+1
c
)c/(−KX)
m if α < 0.
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Combining this with Proposition 3.1, one observes (if α > 0 or α = −1,
we put ǫ = 1)
m+ 2ǫ
ǫ
· ((m+ 1)N + α) ≥
m+ 2ǫ
ǫ
δ > δ + an ≥ dc.
In conclusion, for fixed dimension and amplitude α we obtain a bound
for dc in terms of a lower bound for volume as in Theorem 1.3.
Remark 3.4. In [9], we use singular Riemann-Roch formula, so called
basket technique and the optimal lower bound for volume K3X ≥
1
420
in general type case (resp. anti-volume −K3X ≥
1
330
and Miyaoka-Yau
inequality −KX .c2(X) > 0 in Fano case) to prove several lists for ter-
minal threefold weighted complete intersections provided by Fletcher
[12] are complete. In these cases, Theorem 1.3 gives all the finite pos-
sible choices by applying the lower bound for volume or anti-volume
directly. However, the basket technique is more effective since it pro-
duced only a few extra examples (compared to Fletcher’s lists) needed
to be ruled out.
For given positive integers m,α, the following Theorem, proved in-
dependently by Hacon and Mckernan, Takayama, Tsuji, provides a
universal lower bound for volume KmX when X is of general type with
given dimension m.
Theorem 3.5 ([11, 18, 19]). For every positive integer m, there exists
a positive integer r(m) depending only on m such that the pluricanon-
ical map φ|lKX | : X 99K P(H
0(X,OX(lKX))) is birational for all m-
dimensional smooth projective variety X of general type and for every
integer l ≥ r(m).
Together with Theorem 1.3 and Theorem 2.5, this gives the finiteness
for general type cases:
Theorem 3.6. For fixed positive integers m,α, there exist only finitely
many of families of quasismooth weighted complete intersections with
dimension m and amplitude α.
In [4], Borisov proved Borisov-Alexeev-Borisov conjecture in three-
folds with any fixed Gorenstein index case. In weighted complete in-
tersection cases, this is obvious since the anti-volume (−KX)
m ≥ 1/rm
where r is a fixed Gorenstein index, i.e, r · KX is Cartier. We obtain
the finiteness of families of quasismooth weighted complete intersec-
tions with fixed Gorenstein index by Theorem 1.3.
Example 3.7 (Johnson and Kolla´r). In the case of anticanonical em-
bedded quasismooth Fano hypersurfaces, there exist exactly 48 types
of infinite families of the form
X2k(b1+b2+b3) ⊂ P(2, kb1, kb2, kb3, k(b1 + b2 + b3)− 1),
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for every odd integer k. Here the triple (b1, b2, b3) satisfies b4 = b1 +
b2 + b3 for some K3 quasismooth hypersurface in weighted projective
space P(b1, b2, b3, b4) observed in [12, II.3.3] (cf. [14, Theorem 2.2]).
Each of 48 infinite families contains a non-ǫ-klt singularity P4 of type
1
k(b1 + b2 + b3)− 1
(kb1, kb2, kb3)
for all odd integers k ≥ (b1+b2+b3)+ǫ+1
(b1+b2+b3)(ǫ+1)
by taking a weighted blow up at
P4 ∈ X with weight
(
b1
k(b1 + b2 + b3)− 1
,
b2
k(b1 + b2 + b3)− 1
,
b3
k(b1 + b2 + b3)− 1
).
This leads Conjecture 1.2. For more examples, readers can search
graded ring database [5] provided by Gavin Brown.
4. Finiteness of Calabi-Yau weighted complete intersections
In [14], Johnson and Kolla´r proved the finiteness of families of Calabi-
Yau quasismooth hypersurfaces in weighted projective spaces with fixed
dimension. In this section, we generalize this to higher codimension
cases. Our argument basically follows from Johnson and Kolla´r with
some modifications.
Remark 4.1. If X = Xd1,...,dc ⊂ P(a0, ..., an) is quasismooth of di-
mension m, amplitude α, then X ′ = Xd1,...,dc ⊂ P(1, a0, ..., an) is also
quasismooth of dimension m+ 1, amplitude α− 1. Note that the con-
verse does not hold in general. As a corollary, Theorem 1.1 recovers
Theorem 3.6 (see also [14, Corollary 4.3]).
Proof of Theorem 1.1.
Suppose Theorem 1.1 is not true for some dimension m. Since the
codimension is bounded by m+ 1 by Theorem 2.5, there exist infinite
families of Calabi-Yau quasismooth weighted complete intersections of
fixed dimension m and fixed codimension c, say X(t) = Xd1(t),...,dc(t) ⊂
P(a0(t), ..., an(t)). As the setting in [14], by the homogenity we may
assume
∑n
i=0 ai(t) = 1 =
∑c
j=1 dj(t) for each t. By passing to a subse-
quence, we may assume that (a0(t), ..., an(t)) converges to (A0, ..., An).
We define the subset Z := {i = 0, ..., n|Ai = 0}. From Proposition 3.1
and the condition
∑n
i=0Ai = 1, we obtain the order |Z| ≤ m := dimX .
For each i, t, write ai(t) = Ai + bi(t). The condition
∑n
i=0 ai(t) = 1
for all t implies
n∑
i=0
bi(t) = 0 for all t.
We define I := {i = 0, 1, ..., n|bi(t) < 0 for infinite t}. After passing
to a subsequence and renumbering indices of 0, ..., n, we may assume
that I = {0, ..., γ} is a nonempty subset of {0, ..., n} with the following
properties:
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(1) bi(t) < 0 for all t if and only if i ∈ I.
(2) A0
−b0(t)
≤ A1
−b1(t)
≤ · · · ≤ Aγ
−bγ(t)
for all t.
(3) for all i ∈ I, bi(t) is strictly increasing as a function of t.
We define µ(I) to be the first nonnegative number µ so that PD ∩
X(t) 6= ∅ with D := {0, ..., µ−1, µ} ⊆ I for infinite t but PE∩X(t) = ∅
for all subsets E of {0, ..., µ− 1} for all sufficient large t. In this case,
we may assume PD ∩X(t) 6= ∅ for all t by passing to a subsequence. If
PI ∩X(t) = ∅ for all large t, then we put µ(I) = γ+1 = |I|. However,
this does not occur due to Lemma 4.5 below.
Remark 4.2. One sees µ < c from the definition of I. Indeed, suppose
µ ≥ c, then for all sufficient large t and for j = 1, ..., c, fj(t) has a
monomial Πi∈{0,...,c−1} x
kj,i(t)
i . By counting degrees, this gives
1 =
c∑
j=1
dj(t) =
c∑
j=1
c−1∑
i=0
kj,i(t)ai(t).
Since Ai > 0 for all i ∈ I and each kj,i(t) is a nonnegative integer,
kj,i(t) is bounded from above for all large t . After passing to a sub-
sequence, we may assume that kj,i(t) = kj,i is independent of t for
each i, j. In particular, Ki(t) :=
∑c
j=1 kj,i is independent of t. Hence
1 =
∑c
j=1 dj(t) =
∑c−1
i=0 Ki(Ai + bi(t)). This gives a contradiction that
1 =
∑c−1
i=0 KiAi and 0 =
∑c−1
i=0 Kibi(t) < 0.
For every non-empty subset E of {0, 1, ..., n} and for all polynomial
f(x0, ..., xn), denote by f
E to be the polynomial f(x0, ..., xn)|xi=0 ∀i/∈E .
We need some positivities.
Lemma 4.3. Let f1, ..., fc be polynomials in the variables x0, ..., xn.
Assume µ > 0 and for all subset E of {0, ..., µ − 1}, there exist at
least |E| polynomials of {fEj } being non-zero. Then up to rearranging
the indices of 1, ..., c, f
{0,...,µ−1}
j has a monomial involving xj−1 for all
j = 1, ..., µ.
Proof. For each j = 1, ..., c and subset E of {0, 1, ..., n}, we define a
subset REj := { i | f
E
j has a monomial involving the variable xi}. We
need to show that up to renumbering the indices of 1, ..., c, j − 1 ∈
R
{0,...,µ−1}
j for all j = 1, ..., c.
We prove by induction on µ. It is obvious for µ = 1. We assume that
the statement holds for µ − 1. By rearranging the indices of 1, ..., c,
we may assume that j − 1 ∈ R
{0,...,µ−2}
j for all j = 1, ..., µ− 1. For all
λ = µ, ..., c, we may assume that µ − 1 6∈ R
{0,....,µ−1}
λ . Otherwise, by
replacing λ by µ, the statement is true.
So there is an integer σ(1) < µ such thatR
{µ−1}
σ(1) 6= ∅. IfR
{σ(1)−1,µ−1}
λ 6=
∅ for some λ ≥ µ, we put ω = 0. Otherwise, by the assumption,
there exists a σ(2) ∈ {1, ..., µ − 1} − {σ(1)} with R
{σ(1)−1,µ−1}
σ(2) 6= ∅. If
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R
{σ(1)−1,σ(2)−1,µ−1}
λ 6= ∅ for some λ ≥ µ, we put ω = 1. Otherwise, there
exists a σ(3) ∈ {1, ..., µ−1}−{σ(1), σ(2)} with R
{σ(1)−1,σ(2)−1,µ−1}
σ(3) 6= ∅.
Combining the assumption that there exists at least µ nonempty sub-
sets R
{0,...,µ−1}
j among all subsets R
{0,...,µ−1}
1 , ..., R
{0,...,µ−1}
c , we can de-
fine inductively an integer ω < µ − 1 and distinct positive integers
σ(1), ..., σ(ω + 1) < µ satisfying the following two conditions:
(1) all the subsets R
{µ−1}
σ(1) , ..., R
{σ(1)−1,...,σ(ω)−1,µ−1}
σ(ω+1) are not empty;
(2) R
{σ(1)−1,...,σ(ω)−1,µ−1}
λ = ∅ for all λ ≥ µ. ButR
{σ(1)−1,...,σ(ω+1)−1,µ−1}
λ
contains an element σ(ω + 1)− 1 for some λ ≥ µ.
Claim 4.4. For all i ∈ {σ(1)− 1, ..., σ(ω + 1)− 1, µ− 1}, there exists
a bijection vi : {1, ..., ω+1} → {σ(1)− 1, ..., σ(ω+1)− 1, µ− 1}−{i}
such that vi(j) ∈ R
{0,...,µ−1}
σ(j) for all j = 1, ..., ω + 1.
Proof. We prove this by induction on ω. This is clear when ω = 0.
Suppose the statement is true for ω − 1. If i 6= σ(ω + 1) − 1, by
induction hypothesis we have a bijection vi from {j = 1, ..., ω} to
{σ(1)−1, ..., σ(ω)−1, µ−1}−{i} satisfying that vi(j) ∈ R
{0,...,µ−1}
σ(j) for
all j = 1, ..., ω.We obtain the result by setting vi(ω+1) = σ(ω+1)−1
since σ(ω + 1)− 1 ∈ R
{0,...,µ−1}
σ(ω+1) .
If i = σ(ω + 1) − 1, condition (1) shows that R
{σ(1)−1,...,σ(ω)−1,µ−1}
σ(ω+1)
contains an element, say τ . Note that τ 6= σ(ω + 1)− 1. By induction
there exists a bijection vτ from {j = 1, ..., ω} to {σ(1) − 1, ..., σ(ω)−
1, µ − 1} − {τ} satisfying vτ (j) ∈ R
{0,...,µ−1}
σ(j) for all j = 1, ..., ω. Put
vi(j) = vτ (j) for j = 1, ..., ω and vi(ω+1) = τ . We prove this claim. 
From condition (2) and the claim, σ(ω+1)−1 ∈ R
{0,...,µ−1}
λ for some
λ > µ − 1 and there exists a bijection vσ(ω+1)−1 : {1, ..., ω + 1} →
{σ(1) − 1, ..., σ(ω) − 1, µ − 1} such that vσ(ω+1)−1(j) ∈ R
{0,...,µ−1}
σ(j) for
all j = 1, ..., ω + 1. Since R
{0,...,µ−1}
j is assumed to contain the element
j − 1 for all j ∈ {ω + 2, ..., µ − 1} − {σ(1), ..., σ(ω + 1)}, by replacing
λ by µ and then renumbering the indices of σ(1), ..., σ(ω + 1), µ, we
obtain the lemma. 
Suppose µ > 0. Since P{0,...,µ−1} ∩ X(t) = ∅ for all large t, condi-
tion (1) of Proposition 2.3 holds. By passing to a subsequence and
renumbering indices of 1, ..., c, we may assume that all polynomials
f
{0,...,µ−1}
1 (t), ..., f
{0,...,µ−1}
µ (t) are not identically zero. As the discussion
in Remark 4.2 and by choosing a subsequence, there exist nonnegative
integers kj,i independent of t such that for all t,
f1(t) = Πi∈{0,...,µ−1} x
k1,i
i + others,
...
fµ(t) = Πi∈{0,...,µ−1} x
kµ,i
i + others.
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Furthermore, we may assume kj,j−1 ≥ 1 for all j = 1, ..., µ from fol-
lowing induction process in the proof of Lemma 4.3. We shall show
PI ∩X(t) 6= ∅ for infinitely many t by the following:
Lemma 4.5. µ < γ + 1 = |I|.
Proof. Suppose on the contrary that µ = γ + 1. For infinite t, we may
assume that for j = 1, ..., γ + 1,
fj(t) = Πi∈{0,...,γ} x
kj,i
i + others,
where the nonnegative integers kj,i are independent of t and kj,j−1 ≥ 1.
Since bi(t) is strictly increasing for all i ∈ I as a function of t, by
taking a subsequence and counting degrees, we may assume that each
d1(t), ..., dγ+1(t) is strictly increasing. On the other hand, we define
F := {0, ..., n}−(I∪Z). From the condition
∑n
i=0Ai = 1 and the upper
bound |Z| ≤ m = dimX , F is not empty from Remark 4.2. Since each
d1(t), ..., dγ+1(t) is strictly increasing, the polynomials f
F
1 (t), ..., f
F
γ+1(t)
are all identically zero for all large t, i.e,
PF ∩X(t) = PF ∩ (fγ+2(t) = · · · = fc(t) = 0).
Hence PF ∩X(t) has dimension ≥ n− (γ+1)−m− (c− (γ+1)) = 0.
From the quasismoothness on PF ∩X(t), condition (2) of Proposition
2.3 holds for all large t. In particular, for j = 1, ..., γ + 1, fj(t) has
monomial xejΠi∈F x
qj,i
i for infinite t where the nonnegative integers
qj,i, ej are independent of t and e1, ..., eγ+1 are mutually distinct. By
counting degrees, this shows that for j = 1, ..., γ + 1,
dj(t) = aej +
∑
i∈F
qj,iai(t) for some ej ∈ I ∪ Z.
If ej /∈ I for some j = 1, ..., γ + 1, we see that dj(t) is not strictly
increasing as a function of t. In this case, we get the desired contra-
diction. The remaining case is that ej ∈ I for all j = 1, ..., γ+1. From
the same reason, the function
γ+1∑
j=1
(dj(t)− aj−1(t)) =
γ+1∑
j=1
dj(t)−
γ+1∑
j=1
aej (t) =
γ+1∑
j=1
∑
i∈F
qj,iai(t)
is not increasing. On the other hand,
∑γ+1
j=1(dj(t) − aj−1(t)) is also
strictly increasing by the assumption that X(t) is not an intersection
of a linear cone and another subvariety and the positivity kj,j−1 ≥ 1 for
all j = 1, ..., γ+1. We derive a contradiction and prove the lemma. 
From the definition of µ and Lemma 4.5, the quasismoothness on
PD ∩ X(t) implies condition (2) of Proposition 2.3 where D is the
stratum {0, ..., µ−1, µ}. In particular, by passing to a subsequence and
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rearranging indices of µ+ 1, ..., c, there exist integers s with µ ≤ s < c
and kj,i, ej independent of t such that
{
fj(t) = Πi∈D x
kj,i
i + others for µ < j ≤ s,
fj(t) = xejΠi∈D x
kj,i
i + others, with ej ≥ µ+ 1 for s < j ≤ c.
Here the integers es+1, ..., ec are mutually distinct and also s = 0 if and
only if µ = 0 from the definition. Note that such an integer s with
s < c exists because some of the degree functions d1(t), ..., dc(t) is not
strictly increasing. In particular, by counting degrees of f1(t), ..., fc(t)
we obtain
1 =
c∑
j=1
dj(t) =
µ∑
i=0
Kiai(t) +
c∑
i=s+1
aei(t) for infinite t, († 1)
where Ki :=
∑c
j=1 kj,i ≥ 1 for i = 0, ..., µ− 1. One has the inequality:
µ−1∑
i=0
(1−Ki)bi(t) +
∑
i∈I−{0,...,µ−1,es+1,...,ec}
bi(t)
= −
µ−1∑
i=0
Kibi(t)−
∑
i∈I∩{es+1,...,ec}
bi(t)−
∑
i/∈I
bi(t)
≤ −
µ−1∑
i=0
Kibi(t)−
∑
i∈{es+1,...,ec}
bi(t) = Kµbµ(t). († 2)
So
KµAµ ≤
µ−1∑
i=0
(1−Ki)bi(t)
Aµ
bµ(t)
+
∑
i∈I−{0,...,µ−1,es+1,...,ec}
bi(t)
Aµ
bµ(t)
≤
µ−1∑
i=0
(1−Ki)Ai +
∑
i∈I−{0,...,µ−1,es+1,...,ec}
Ai. († 3)
From († 1) and († 3), we have
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1 =
µ−1∑
i=0
KiAi +KµAµ +
c∑
i=s+1
Aei
≤
µ−1∑
i=0
(Ki + (1−Ki))Ai +
∑
i∈I−{0,...,µ−1,es+1,...,ec}
Ai +
c∑
i=s+1
Aei
≤
µ−1∑
i=0
Ai +
n∑
i=µ
Ai = 1. († 4)
Hence all inequalities in († 2), († 3), († 4) are actually equalities.
For all k /∈ I ∪ {es+1, ..., ec}, from († 4) and († 2), we have Ak = 0
and bk(t) = 0 for infinite t respectively. This gives a contradiction to
ak(t) = Ak + bk(t) = 0 for infinite t. So I ∪ {es+1, ..., ec} = {0, ..., n}.
From († 3), we get the equalities: for infinite t,
−b0(t)
A0
= · · · =
−bµ(t)
Aµ
=
−bk(t)
Ak
, k ∈ I − {es+1, ..., ec}.
Hence we obtain a subsequence
(a0(t), ..., an(t)) = (A0(1− b(t)), ..., Am+s(1− b(t)), am+s+1(t), ..., an(t)),
where b(t) := −bµ(t)
Aµ
> 0. By rearranging the indices of m+ s+1, ..., n,
we may assume ej = m+ j for all j = s+ 1, ..., c. Again, after passing
to a subsequence and rearranging indices of m+ s + 1, ..., c, we define
p ≥ s to be the integer satisfying for all t,{
ai(t) = Ai(1− b(t)) for all i ≤ m+ p,
ai(t) 6= Ai(1− b(t)) for all i > m+ p.
From the choice of p, we observe {0, ..., m+ p} ⊆ I. In particular, we
obtain p < c since by definition
∑n
i=0 bi(t) = 0.
Claim 4.6. For all j > p and sufficient large t, every monomial of
fj(t) involves at least one of the variables xm+p+1, ..., xn.
Proof. Since {0, ..., m+p} is a subset of I, Ai > 0 for all i = 0, ..., m+p.
Suppose there is a monomial Πi∈{0,...,m+p} x
qj,i
i of fj(t) for infinite t for
some fixed j > p. From the construction of ej, fj(t) = xejΠi∈D x
kj,i
i +
others. By counting degrees, we see that
am+j(t) = aej(t) = dj(t)−
∑
i∈D
kj,iAi(1− b(t))
= (1− b(t))(
m+p∑
i=0
qj,iAi −
∑
i∈D
kj,iAi).
This contradicts with the definition of p. 
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For sufficient large t and for j = p+ 1, ..., c, we write
fj(t) =
n∑
i=m+p+1
gij(t)(x0, ..., xm+p)xi + lj(t)(x0, ..., xn),
where degxm+p+1,...,xn(lj(t)(x0, ..., xn)) ≥ 2. Define Ep := {0, ..., m + p}
and G(t) to be the matrix
 g
m+p+1
p+1 (t) · · · g
n
p+1(t)
...
...
gm+p+1c (t) · · · g
n
c (t)

 .
On the general points in the affine cone of X(t) ∩ PEp, the Jacobian
matrice are of the form (
∗ ∗
O G(t)
)
.
Then for sufficient large t, the non-quasismooth locus of X(t) contains
PEp ∩ X(t) ∩ (detG(t) = 0) = PEp ∩ (f1(t) = · · · = fp(t) = 0) ∩
(detG(t) = 0) which has dimension ≥ m + p− p− 1 ≥ 0. We get the
contradiction and therefore prove Theorem 1.1. 
References
[1] V. Alexeev, Boundedness and K2 for log surfaces, Intern. J. Math.
5(6) (1994), 779-810.
[2] V. Alexeev, General elephants of Q-Fano 3-folds, Compositio
Math. 91 (1994), no. 1, 91-116.
[3] S. Altinok, G. Brown, M. Reid, Fano 3-folds, K3 surfaces and
graded rings. Topology and geometry: commemorating SISTAG,
25-53, Contemp. Math., 314, Amer. Math. Soc., Providence, RI,
2002.
[4] A. Borisov, Boundedness of Fano threefolds with log-terminal sin-
gularities of given index, J. Math. Sci. Univ. Tokyo 8 (2001), no.
2, 329-342.
[5] G. Brown, Graded ring database, http://grdb.lboro.ac.uk/ + links.
[6] A. Buckley, M. Reid, S. Zhou, Ice cream and orbifold Riemann-
Roch, arXiv:1208.0457, 29pp.
[7] J. A. Chen, M. Chen, Explicit birational geometry of 3-folds of
general type, I, Ann Sci Ecole Norm Sup. 43 2010, 365-394. arXiv:
0810.5041
[8] J. A. Chen, M. Chen, An optimal boundedness on weak Q-Fano
3-folds, Adv. Math. 219(2008), 2086-2104. arXiv: 0712.4356.
[9] J.J. Chen, J.A. Chen, M. Chen, On quasismooth weighted com-
plete intersections, Jour. Alg. Geom., 20 (2011), 239-262. arXiv
0908.1439.
[10] I. Dolgachev, Weighted projective space, Group actions and vector
fields, Proc. Vancouver 1981 LNM 956, 34-71 Springer Verlag.
FINITENESS OF CALABI-YAU QUASISMOOTH W.C.I. 15
[11] C.D. Hacon, J. Mckernan, Boundedness of pluricanonical maps of
varieties of general type, Invent. Math. 166 no. 1 (2006), 1-25.
[12] A. R. Iano-Fletcher,Working with weighted complete intersections,
Explicit birational geometry of 3-folds, 101-173, London Math. Soc.
Lecture Note Series, 281. Cambridge University Press, Cambridge,
2000.
[13] J. M. Johnson, J. Kolla´r, Ka¨hler-Einstein metrics on log del pezzo
surfaces in weighted projective 3-spaces, Ann. Inst. Fourier (Greno-
ble) 51 (2001), no. 1, 69-79.
[14] J. M. Johnson, J. Kolla´r, Fano hypersurfaces in weighted projective
4-spaces, Exp. Math. 10 (2001) 151-158.
[15] T. Okada, Nonrational weighted hypersurfaces, Nagoya Math. J.
194 (2009) 1-32.
[16] M. Reid, Canonical 3-folds, Journe´es de Ge´ome´trie Alge´brique
d’Angers, A. Beauville (editor), Sijthoff and Noordhoff, Alphen
aan den Rijn, 1980, pp. 273-310.
[17] M. Reid, Young person’s guide to canonical singularities, Proc.
Symposia in pure Math. 46(1987), 345-414.
[18] S. Takayama, Pluricanonical systems on algebraic varieties of gen-
eral type, Invent. Math. 165 no. 3 (2006), 551-587.
[19] H. Tsuji, Pluricanonical systems of projective varieties of general
type I, Osaka J. Math. 43, no. 4 (2006), 967-995.
Department of Mathematics, National Taiwan University, Taipei, 106, Taiwan
E-mail address : d94221006@gmail.com
